Abstract. We prove a conjecture of Morel identifying Voevodsky's homotopy invariant sheaves with transfers with spectra in the stable homotopy category which are concentrated in degree zero for the homotopy t-structure and have a trivial action of the Hopf map. This is done by relating these two kind of objects to Rost's cycle modules. Applications to algebraic cobordism and construction of cycle classes are given.
the 0th stable homotopy groups of the zero sphere π 0 (S 0 ) * in a joint work with M. Hopkins. The result involves a mixture of the Witt ring of the field and its Milnor K-theory. This paper is built on the idea of Morel that the Witt part contains the obstruction to orientation in stable homotopy. Indeed, let us recall that π 0 (S 0 ) * is generated as an algebra by the units of the field k and the Hopf map η (see Paragraph 1.2.6). As in topology, the Hopf map η is the first obstruction for a ring spectrum to be oriented (see Remark 1.2.8).
On the other hand the units of k generate a subring of π 0 (S 0 ) * which turns out to be exactly the Milnor K-theory of k, or, in modern terms, the part of motivic cohomology where the degree is equal to the twist. It is understood now, though still conjectural, that motivic cohomology is the universal oriented cohomology with additive formal group law.
To build something out of these general remarks, one has to go more deeply into motivic homotopy theory. The category DM ef f (k) of V. Voevodsky's motivic complexes over a perfect field k is built out of the so called homotopy invariant sheaves with transfers which have the distinctive property that their cohomology is homotopy invariant.
Starting from the point that these sheaves form the heart of a natural t-structure on DM ef f (k), Morel introduced the homotopy t-structure on the stable homotopy category SH(k), analog of the previous one, and identified its heart as some graded sheaves without transfers but still with homotopy invariant cohomology. They are called homotopy modules by Morel (see Definition 1.2.2) and we denote their category by Π * (k). These sheaves have to be thought as stable homotopy groups: in fact, taking the 0th homology of S 0 with respect to the homotopy t-structure gives a homotopy module π 0 (S 0 ) * whose fiber at the point k is precisely the graded abelian group π 0 (S 0 ) * . Note that, as a consequence, any homotopy module has a natural action of the Hopf map η seen as an element of π 0 (S 0 ) * (k).
To relate these two kinds of sheaves, it is more accurate to introduce the non effective (i.e. stable) version of DM ef f (k), simply denoted by DM (k). The canonical t-structure on DM ef f (k) extends to a t-structure on DM (k) whose heart Π tr * (k) now consists of certain graded homotopy invariant sheaves with transfers which we call homotopy modules with transfers (see Definition 1.3.2).
Then the natural map DM (k) → SH(k) induces a natural functor
which basically does nothing more than forgetting the transfers. In this article, we prove the following conjecture of Morel:
THEOREM.
(1) The functor γ * is fully faithful and its essential image consists of the homotopy modules on which η acts as 0.
(2) The functor γ * is monoidal and homotopy modules with transfers can be described as homotopy modules with an action of the unramified Milnor K-theory sheaf.
Actually the first part was conjectured by Morel [12, Conj. 3, p . 71] and the second one is a remark we made, deduced from the first one.
Let us now come back to the opening point of this introduction: this theorem implies that, for homotopy modules seen as objects of SH(k), η is precisely the obstruction to be orientable (see Corollary 4.1.7 for the precise statement). Moreover, the Milnor part of π 0 (S 0 ) * -i.e. the unramified Milnor K-theory sheaf-is the universal homotopy module on which η acts as 0.
This theorem relies on our previous work on homotopy modules with transfers where we showed that they are completely determined by the system of their fibers over finitely generated extensions of k, which can be described precisely as a cycle module in the sense of M. Rost. Actually, we obtained in [6, th. 3.4] an equivalence of categories between homotopy modules with transfers and cycles modules: this gives a way to construct transfers on sheaves out of a more elementary algebraic structure on their fibers. The proof of our theorem thus consists in showing that given a homotopy module with trivial action of η, taking fibers gives rise to a cycle module; this was actually the original form of the conjecture of Morel.
The construction of the cycle module structure is obtained by appealing to our work on the Gysin triangle [4] in the framework of modules over ring spectra: indeed, the main idea of the proof is that a homotopy module with trivial action of η has a (weak) structure of a module over the motivic cohomology ring spectrum H. After recalling the central definitions involved in the formulation of the previous theorem in Section 1, we have dedicated Section 2 to recall the main technical tools which will be involved in the proof: cycle modules, modules over ring spectra, Gysin triangles and morphisms, the coniveau spectral sequence and the computation of its differentials. This enables us, in Section 3, to give a neat proof of the first part of our theorem though it uses all the previous technical tools. In the last section, we prove the point (2) of the above theorem and we collect some other results which illustrate our techniques. Notably, we use the coniveau spectral sequence to obtain the following results:
• (Cor. 4.3.4) Let MGL be Voevodsky's algebraic cobordism spectrum. Then for any smooth connected scheme of dimension d, the canonical map
with target the 0-cycles modulo rational equivalence, is an isomorphism.
• (Prop. 4.4.5) Let E be a monoid in SH(k) (i.e. a ring spectrum) satisfying the following assumptions:
(a) η acts trivially on π 0 (E) * .
(b) For any negative integers n, m, any smooth connected scheme X, and any cohomology class ρ ∈ E n,m (X), there exists a non empty open U ⊂ X such that ρ| U = 0. Then E admits an orientation whose associated formal group law is additive. Moreover, for any integer n ≥ 0 and any smooth scheme X, there exists a canonical cycle class map
which satisfies all the usual properties.
It has a closed monoidal structure; the tensor product denoted by ∧ is characterized by the property:
We denote by S 0 = Σ ∞ Spec(k) + the unit of this tensor product. By construction of SH(k), the object Σ ∞ G m , where G m is pointed by its unit section, is invertible for the tensor product. For any integer n ∈ Z, we will denote by S n,n its nth tensor power. Moreover, for any couple (i, n) ∈ Z 2 , we put S i,n = S n,n [i − n].
1.1.2. Consider a spectrum E. For any smooth k-scheme X and any couple (i, n) ∈ Z 2 , we put E i,n (X) = Hom SH(k) (Σ ∞ X + ,S i,n ∧E). This defines a bigraded cohomology theory on Sm k . We let π i (E) n be the Nisnevich sheaf of abelian groups on Sm k associated with the presheaf:
For a fixed integer i ∈ Z, π i (E) * will be considered as an abelian Z-graded sheaf. Recall Definition 5.2.1 of [12] :
A spectrum E will be said to be non-negative (resp. nonpositive) if for any i < 0 (resp. i > 0) π i (E) * = 0. We let SH(k) ≥0 (resp. SH(k) ≤0 ) be the full subcategory of SH(k) consisting of non-negative (resp. non-positive) objects of SH(k).
1.1.4. As proved in [12, 5.2.3] , this definition gives rise to a t-structure on the triangulated category SH(k) with homological conventions. More precisely, the following properties are satisfied:
(1) The inclusion functor o + :
) admits a right adjoint t + (resp. left adjoint t − ). For any spectrum E and any integer i ∈ Z, we put:
(2) For any spectra E, F,
there is a unique distinguished triangle in SH(k):
where the first two maps are given by the adjunctions of point (1).
Remark 1.1.5. The key point for the previous results is the stable A 1 -connectivity theorem of Morel (see [12, Th. 4.2.10] ). Recall this theorem also implies that for any smooth k-scheme X and any pair (i, n) ∈ N × Z, the spectrum S i+n,n ∧ Σ ∞ X + is non negative. Then, according to the previous definition, the spectra of this form constitute an essentially small family of generators for the localizing subcategory SH(k) ≥0 of SH(k).
Homotopy modules.
1.2.1. Given an abelian Nisnevich sheaf F on Sm k , we denote by F −1 (X) the kernel of the morphism where F * is a Z-graded abelian Nisnevich sheaf on Sm k which is strictly homotopy invariant and for which n : F n → (F n+1 ) −1 is an isomorphism. A morphism of homotopy modules is a homogeneous natural transformation of Z-graded sheaves compatible with the given isomorphisms.
We denote by Π * (k) the category of homotopy modules.
1.2.3. For any spectrum E, π 0 (E) * has a canonical structure of a homotopy module. Moreover, the functor E → π 0 (E) * induces an equivalence of categories between the heart of SH(k) for the homotopy t-structure and the category Π * (k) (see [12, 5.2.6] ). As in loc. cit. we will denote its quasi-inverse by:
Note this result implies that Π * (k) is a Grothendieck abelian category with generators of the form
for a smooth k-scheme and an integer n ∈ Z. It admits a monoidal structure defined by
The isomorphism on the right hand side follows from the fact that the tensor product on SH(k) preserves non negative spectra (use Remark 1.1.5).
Note that π 0 (S 0 ) * is the unit object for this monoidal structure. Given a homotopy module F * = (F * , * ) and an integer n ∈ Z, we will denote by F * {n} the homotopy module whose ith graded term is (F i+n , i+n ). Then:
so that this notation agrees with that of (1.2.3.b). Remark 1.2.4. Let F * be a homotopy module. Then according to the construction of the spectrum F := H(F * ), for any couple (i, n) ∈ Z 2 , we get an isomorphism:
Example 1.2.5. Let H be the spectrum representing motivic cohomology (see [18] or Example 2.2.6). Then the homotopy module π 0 (H) * is the sheaf of unramified Milnor K-theory K M * on Sm k . This follows from two arguments: the identification of the unstable motivic cohomology of bidegree (n, n) of a field E with the nth Milnor ring K M n (E); the cancelation theorem of Voevodsky to identify unstable motivic cohomology with the stable one.
1.2.6. Define the Hopf map in SH(k) as the morphism η : G m → S 0 obtained by applying the tensor product with S −2,−1 to the map induced by
According to [12, 6.2.4] , there exists a canonical exact sequence in Π * (k) of the form:
For a proof, we refer the reader to [13] : it is stated as Corollary 21 in the introduction and follows from the results of Section 2.3 in op. cit.. Definition 1.2.7. A homotopy module F * is said to be orientable if the map induced by η:
is zero. We will denote by Π η=0 * (k) the full subcategory of Π * (k) consisting of the orientable homotopy modules.
Note that η is in fact an element of π 0 (S 0 ) −1 (k). Given a homotopy module F * , a smooth scheme X and an integer n ≥ 0, H n Nis (X, F * ) has a canonical structure of a graded π 0 (S 0 ) * (k)-module. Then the following conditions are equivalent:
(i) F * is orientable.
(ii) For any smooth scheme X and any integer n ≥ 0, the action of η on H n Nis (X, F * ) is zero. We denote by Π tr * (k) the category of homotopy modules with transfers.
1.3.3. Let (F * , * ) be a homotopy module with transfers. Obviously, the functor γ * (F * ) = F * • γ together with the natural isomorphism * · γ is a homotopy module.
Recall from [6, 1.3] that one can attach to F * a cohomological functor:
Voevodsky's category of geometric motives to the category of abelian groups such that:
According to Remark 1.2.8, the projective bundle theorem in DM gm (k) implies that γ * (F * ) is orientable. Thus we have obtained a canonical functor: 
In fact, we will prove the previous theorem by proving the following equivalent form: THEOREM 1.3.6. There exists a canonical functor
and a natural isomorphism of endofunctors of Π η=0 * (k):
The functorρ and the natural isomorphism will be constructed respectively in Corollary 3.3.6-point (4)-and in Section 3.4.
Preparations.
2.1. The theory of cycle modules. We briefly recall the theory of cycle modules by M. Rost (see [15] ) in a way that will facilitate the proof of our main result.
Cycle premodules.
2.1.1. A function field will be an extension field E of k having finite transcendental degree. A valued function field (E, v) will be a function field E together with a discrete valuation v : E × → Z whose ring of integers O v is essentially of finite type over k. In this latter situation, we will denote by κ(v) the residue field of O v .
Given a function field E, we will denote by K M * (E) the Milnor K-theory of E. Expanding a remark of Rost [15, (1.10)], we introduce the additive categoryẼ k as follows: its objects are the pairs (E, n) where E is a function field and n ∈ Z an integer; the morphisms are defined by the following generators and relations: Generators:
E → R/z be the induced morphisms. Under these notations, the relation (R1c) is:
where lg stands for the length of an Artinian ring.
and (E, w) are valued function fields such that v| E × = e.w for a positive integer e. Letφ : κ(w) → κ(v) be the induced morphism. Under these notations, relation (R3a) is:
Recall the following definition-[15, (1.1)]:
We denote by A bẼ k the category of such functors with natural transformations as morphisms.
Cycle modules.
2.1.3. Consider a cycle premodule M , a scheme X essentially of finite type over k, and an integer p ∈ Z. According to op. cit., §5, we set:
where X (p) denotes the set of codimension p points in X and κ x denotes the residue field of a point x in X. This is a graded abelian group and we put:
Consider a pair (x, y) ∈ X (p) × X (p+1) . Assume that y is a specialization of
x. Let Z be the reduced closure of x in X andZ f − → Z be its normalization. Each point t ∈ f −1 (y) corresponds to a discrete valuation v t on κ x with residue field κ t .
We denote by ϕ t : κ y → κ t the morphism induced by f . Then, we define according to [15, (2. 1.0)] the following homogeneous morphism of graded abelian groups:
If y is not a specialization of x, we put:
Definition 2.1.4. Consider the hypothesis and notations above. We introduce the following property of the cycle premodule M :
(FD X ) For any x ∈ X and any ρ ∈ M (κ x ), ∂ x y (ρ) = 0 for all but finitely many y ∈ X. Assume (FD X ) is satisfied. Then for any integer p, we define according to [15, (3. 2)] the following morphism:
and introduce the following further property of M :
2.1.5. Thus, under (FD X ) and (C X ), the map d * X is a differential on C * (X; M ) and we get the complex of cycles in X with coefficients in M defined by Rost in loc. cit. In fact, the complex C * (X; M ) is graded according to (2.1.4.a).
In the conditions of the above definition, the following properties are clear from the definition:
• Let Y be a closed subscheme (resp. open subscheme, localized scheme) of
As any affine algebraic k-scheme X can be embedded into A n k for n sufficiently large, we deduce easily from these facts the following lemma: LEMMA 2.1.6. Let M be a cycle premodule. Then the following conditions are equivalent:
(ii) M satisfies (FD A n ) for any integer n ≥ 0. Assume these equivalent conditions are satisfied. Then, the following conditions are equivalent:
The following definition is equivalent to that of [15, (2. 1)] (see in particular [15, (3. 3)]): Definition 2.1.7. A cycle premodule M which satisfies the conditions (i)-(iv) of the previous lemma is called a cycle module. We denote by M Cycl(k) the full subcategory of A bẼ k which consists of cycle modules.
2.1.8. Given a cycle module M and a scheme X essentially of finite type over k, we denote by A p (X; M ) the pth cohomology group of the complex C * (X; M ). This group is graded according to the grading of C * (X; M ).
Recall that according to one of the main constructions of Rost, A * (X; M ) is contravariant with respect to morphisms of smooth schemes. Moreover, according to [5, Prop. 6.9] , the presheaf
has a canonical structure of a homotopy module with transfers (Definition 1.3.2) which actually defines the functor A 0 of (1.3.5.a).
Modules and ring spectra.

Recall that a ring spectrum is a (commutative) monoid R of the monoidal category SH(k).
A module over the ring spectrum R is an R-module in SH(k) in the classical sense: a spectrum E equipped with a multiplication map γ E : R ∧ E → E satisfying the usual identities-see [10] . As R is commutative, and in similar situations below, we will not distinguish the left and right R-modules.
Given two R-modules E and F, a morphism of R-modules is a morphism f : E → F in SH(k) such that the following diagram is commutative:
We will denote by R-mod w the additive category of R-modules.
Given any spectrum E, R ∧ E has an obvious structure of an R-module. The assignment L w R : E → R ∧ E defines a functor left adjoint to the inclusion functor O w R and we get an adjunction of categories:
Remark 2.2.2. The category R-mod w is not well behaved. For example, it is not possible in general to define a tensor product or a triangulated structure on R-mod w . This motivates the definitions which follow.
2.2.3. Recall also from [9] that SH(k) is the homotopy category of a monoidal model category: the category of symmetric spectra denoted by Sp Σ (k). A strict ring spectrum R is a commutative monoid object in the category Sp Σ (k). Given such an object we can form the category R-mod Sp of R-modules with respect to the monoidal category Sp Σ (k) and consider the natural adjunction
where the right adjoint is the forgetful functor. An object of R-mod Sp will be called a strict module over R. The monoidal model category Sp Σ (k) satisfies the monoid axiom of Schwede and Shipley: this implies that the category of strict R-modules admits a (symmetric) monoidal model structure such that the right adjoint of (2.2.3.a) preserves and detects fibrations and weak equivalences (cf. [16, 4 .1]). Definition 2.2.4. We denote by R-mod the homotopy category associated with the model category R-mod Sp described above.
2.2.5. Note that R-mod is a monoidal triangulated category. We denote by ⊗ R its tensor product. The Quillen adjunction (2.2.3.a) induces a canonical adjunction:
By construction, the functor L R is triangulated and monoidal. Given a smooth scheme X and a couple (i, n) ∈ Z 2 , we will put:
The R-modules of the above form are compact and constitute a family of generators for the triangulated category R-mod.
The functor O R is triangulated and conservative. Because it is the right adjoint of a monoidal functor, it is weakly monoidal. In other words, for any strict Rmodules M and N , we get a canonical map in SH(k):
This implies that O R maps into the subcategory R-mod w giving a functor
Example 2.2.6. The spectrum H representing motivic cohomology has a canonical structure of a strict ring spectrum. This follows from the adjunction of triangulated categories
where DM (k) is the category of stable motivic complexes over k. In fact, by the very definition,
where ½ is the unit object for the monoidal structure on DM (k). To prove that H is a strict ring spectrum, the argument is that γ * is induced by a monoidal left Quillen functor between the underlying monoidal model categories (see [2] for details).
Note also that any object of DM (k) admits a canonical structure of a strict H-module. In fact, the previous adjunction induces a canonical adjunctioñ
On the Gysin triangle and morphism.
2.3.1. The proof of Theorem 3.2.2 requires some of the results of [4] . We recall them to the reader to make the proof more intelligible.
Recall that for any smooth scheme X, we have an isomorphism of abelian groups:
Considering the left adjoint L R of (2.2.5.a), we get a monoidal functor:
and this functor shows the category H-mod satisfies the axioms of Section 2.1 in op. cit.-see Example 2.12 of op. cit. Remark 2.3.2. Note that, because the morphism c 1 above is a morphism of groups, the formal group law attached to the category H-mod in [4, 3.7] is just the additive formal group law F (x, y) = x + y. In particular, the power series in the indeterminate x 
The map i * (resp. ∂ X,Z ) is called the Gysin (resp. residue) morphism associated with i. Consider moreover a commutative square of smooth schemes
such that i and k are closed immersions of pure codimension c and T is the reduced scheme associated with 
(G1b) Assume Z × X Y is irreducible and let e be its geometric multiplicity. Then according to [4, 4 .26] combined with Remark 2.3.2, the following diagram is commutative:
Remark 2.3.4. The Gysin morphism i * in the triangle (2.3.3.a) induces a pushforward in motivic cohomology:
Considering the unit element of the graded algebra H * , * (Z), we define the fundamental class associated with i as the element η X (Z) := i * (1) ∈ H 2c,c (X). Assume c = 1. Then Z defines an effective Cartier divisor of X which corresponds uniquely to a line bundle L over X together with a section s : X → L.
Moreover, s is transversal to the zero section s 0 and the following square is cartesian:
Then according to [4, 4.21] , η X (Z) = c 1 (L) with the notation of (2.3.1.a).
One can prove more generally that, through the isomorphism H 2c,c (X) CH c (X) where the right hand side denotes the Chow group of codimension c cycles, i * agrees with the usual pushout on Chow groups (see [6, Prop. 3.11] ). Thus η X (Z) simply corresponds to the cycle defined by Z in X. 
(G2c) For any cartesian square of smooth schemes
such that p and q are projective equidimensional of the same dimension, we get (see [4, 5.17(i) ]):
(G2d) Consider a commutative square of smooth schemes of shape (2.3.5.b) such that:
-p, q, f and g are finite equidimensional morphisms.
-T is equal to the reduced scheme associated with T = Z × X Y . Let (T i ) i∈I be the connected components of T . For any index i ∈ I, we let q i :
Remark 2.3.6. In the proof of Proposition 3.3.4, we will need property (G2b) when we only require that the square (2.3.3.b) is topologically cartesian (i.e. T = (Y × X Z) red ). In fact, the proof given in [4] requires only this assumption: in op. cit., one proves Proposition 5.15 by reducing to Theorem 4.32 (the case where p and q are closed immersions), and the proof uses only the fact that the square is topologically cartesian (in the construction of the isomorphism denoted by p (X;Y,Y ) ).
2.3.7. Consider a smooth scheme X such that X = X 1 X 2 and let x 1 : X 1 → X be the canonical open and closed immersion. By additivity, H(X) = H(X 1 ) ⊕ H(X 2 ). Moreover, x 1 * is the obvious split inclusion which corresponds to this decomposition. Correspondingly, it follows from (G1a) that x * 1 is the obvious split epimorphism. One can complement the results of [4] by the following lemma which describes the additivity properties of the Gysin triangle: LEMMA 2.3.8. Consider smooth schemes X, Z and a closed immersion ν : Z → X of pure codimension n.
Consider the canonical decompositions Z = i∈I Z i and X = j∈J X j into connected components and putẐ j = Z × X X j . We also consider the obvious inclusions:
and the morphisms ν ji , ∂ ij uniquely defined by the following commutative diagram:
Then, for any pair (i, j) ∈ I × J:
the obvious inclusion and we put:
Proof. According to the preamble 2.3.7, we get:
In cases (1) and (2), we consider respectively the following cartesian squares:
otherwise,
Then the result follows from the following computations:
We give the following justifications for each equality: (a) use (G2a) (
2.3.9. Products: Let X be a smooth scheme and δ : X → X × X the diagonal embedding. For any morphisms a : H(X) → E and b : H(X) → F, we denote by a X b the composite morphism:
(G3a) For any morphism f : Y → X of smooth schemes and any couple (a, b) of morphisms in H-mod with source H(Y ), we get (obviously):
(G3b) For any projective morphism f : Y → X of smooth schemes and any morphism a (resp. b) in H-mod with source H(X) (resp. H(Y )), we get (see [4, 5.18] ):
Remark 2.3.10. Consider a smooth scheme X and a vector bundle E/X of rank n. Let P = P(E) be the associated projective bundle with projection p : P → X and λ the canonical line bundle such that λ ⊂ p −1 (E). Then, for any integer r ≥ 0, the rth power of the class c = c 1 (λ ∨ ) (see (2.3.1.a)) in motivic cohomology corresponds to a morphism in H-mod which we denote by: c r : H(P ) → H(r)[2r] . The projective bundle theorem [4, 3.2] says that the map H(X)(r)[2r] .
is an isomorphism. Thus we get a canonical map l n (P ) : H(X)(n)[2n] → H(P ).
Given a finite epimorphism f : Y → X which admits a factorization as
where i is a closed immersion and P/X is the projective bundle considered above, we recall that the Gysin morphism f * of (2.3.5.a) is defined as the composite map:
H(X)(n)[2n]
l n (P )
after taking the tensor product with H(−n)[−2n]. Assume Y (thus X) is connected and P/X has relative dimension 1. The Gysin morphism f * induces a pushforward in motivic cohomology which we denote by f * : H n,m (Y ) → H n,m (X). According to the above description, we get a factorization of f * as:
where i * corresponds to the morphism of Remark 2.3.4. To describe the second map, recall that any class α ∈ H n+2,m+1 (P ) can be written uniquely as α = p * (α 0 ) + p * (α 1 ) · c 1 (λ ∨ ): then p * (α) = α 1 . Thus, we now deduce from this description the following trace formula:
where d is the generic degree of f . In fact, according to Remark 2.3.4 and its notations, i * (1) = c 1 (L). Thus the formula follows from the equality c 1 (L) = d · c 1 (λ ∨ ) in Pic(P ) modulo Pic(X). H(1)[1] .
Using the product (2.3.9.a), we then deduce the following morphism:
If ν x : X → X × G m denotes the graph of x, then γ x is also equal to the following composite map:
We will need the following properties of this particular kind of product: PROPOSITION 2.3.12. Let X be a smooth scheme and i : Z → X be the immersion of a smooth divisor. Put U = X − Z and let j : U → X be the canonical open immersion.
(
1) Let x : X → G m be a regular invertible function,ū (resp. u) its restriction to Z (resp. U ). Then the following diagram is commutative:
H(Z)(1)[1]
(2) Consider a regular function π :
the obvious restriction of π. Then the following diagram is commutative:
H(Z)(1)[1]
∂ X,Z / / i * * * T T T T T T T T T H(U ) γ π / / H(U )(1)[1] j * t t j j j j j j j j j
H(Z)(1)[1].
Proof. (1) Let ν x , ν u , νū be the respective graphs of x, u andū. Applying property (G1a), we get a commutative square:
H(Z)(1)[1]
According to [4, 4 .12], we get a commutative diagram:
where is the symmetry isomorphism for the tensor product of H-mod. The result then follows from the fact = −1, as follows from the well known identity xy = (−1) n+s yx for any classes x, y ∈ H n,m (X) × H s,t (X). (
the following sequence is a distinguished triangle:
We can associate with such a triangulated exact couple a differential according to the formula: d = β • γ. According to point (2) above, d 2 = 0 and we have defined a complex in T :
Recall also from [7, Def. 3.3] that, given a smooth scheme X, a flag of X is a decreasing sequence (Z p ) p∈Z of closed subschemes of X such that for all integer p ∈ Z, Z p is of codimension greater than p in X if p ≥ 0 and Z p = X otherwise. We denote by D (X) the set of flags of X, ordered by termwise inclusion. Consider such a flag (Z p ) p∈Z . Put U p = X − Z p . By hypothesis, we get an open immersion j p : U p−1 → U p . In the category of pointed Nisnevich sheaves of sets on Sm k , we get an exact sequence:
because j p is a monomorphism (in the category of schemes). Then, for any pair of integers (p, q), we deduce from that exact sequence a distinguished triangle in SH(k):
which in turn gives a triangulated exact couple according to the above definition.
2.4.2.
In what follows, we will not consider the preceding exact couple for only one flag. Rather, we remark that the triangle (2.4.1.b) is natural with respect to the inclusion of flags: thus we really get a projective system of triangles and then a projective system of triangulated exact couples.
Recall that a pro-object of a category C is a (covariant) functor F from a left filtering category I to the category C. Usually, we will denote such a pro-object F by the intuitive notation "lim ← − " i∈I F i and call it the formal projective limit of the projective system (F i ) i∈I . For any integer p ∈ Z, we introduce the following pro-objects of SH(k):
Taking the formal projective limit of the triangles (2.4.1.b) where Z * runs over D (X), we get a pro-distinguished triangle (i.e. the formal projective limit of a projective system of distinguished triangles):
Definition 2.4.3. Considering the above notations, we define the homotopy coniveau exact couple as data for any couple of integers (p, q) of the pro-spectra:
and that of the homogeneous morphisms of pro-objects α, β, γ appearing in the pro-distinguished triangle (2.4.2.c).
For short, a projective system of triangulated exact couples will be called a pro-triangulated exact couple. Example 2.4.4. Consider a spectrum E. We can associate to E a functor with source the category of pro-spectra as follows:
Applying the functorφ E to the homotopy coniveau exact couple gives an exact couple of abelian groups in the classical sense (with the conventions of [11, Th. 2.8]) whose associated spectral sequence is:
This is the usual coniveau spectral sequence associated with E (see [1, 3] ). Note that it is concentrated in the band 0 ≤ p ≤ dim(X); thus it is convergent. Remark 2.4.5. The canonical functor
once extended to pro-objects, sends the data defined above to the motivic coniveau exact couple considered in [7, 
.b)) admits a canonical structure of Hmodule in SH(k).
Proof. This follows from the exact sequence (1.2.6.a), Example 1.2.5 and the fact that the tensor product on SH(k) preserves positive objects for the homotopy t-structure.
3.1.2. In particular, the presheaf represented by the (weak) H-module H(F * ) precomposed with the functor O H of (2.2.5.c) induces a canonical functor:
According to the commutative diagram (2.2.5.d), we get a commutative diagram:
where ϕ 0 F is the presheaf represented by the spectrum H(F * ). According to the isomorphism (1.2.4.a), this implies that for any smooth scheme X and any integer n ∈ Z, ϕ F (H(X)(n)[n]) = F −n (X).
The associated cycle premodule.
3.2.1. Let O be a local k-algebra, formally smooth and essentially of finite type. A smooth model of O will be an affine smooth scheme X = Spec(A) (of finite type) such that A is a sub-k-algebra of O whose localization at the multi- 
defined on an object (E, n) ofẼ k by the formula: 
This defines a functor:ρ :
Proof. In fact, the functor ϕ F associated with F * in (3.1.2.a) admits an obvious extensionφ F to pro-objects of H-mod. One simply puts:
. This is obviously functorial in F * .
The remaining of this section is devoted to the proof of Theorem 3.2.2. It will be completed in several steps trough the paragraphs which follow.
Functorialities: (D1) is induced by the natural functoriality of X → H(X). (D2):
where the f i are finite surjective morphisms, whose associated generic residual extension is L/E, and the transition morphisms in the previous formal projective limit are made by transversal squares (see [5, 5.2] for details). One defines the mapfunction field E/k, we put (as in Corollary 3.2.4):
As H n (X) = Hom H-mod (H(X)(−n)[−2n], H), we thus obtain that for any extension (resp. finite extension) of function fields ϕ : K → E, the map (D1) (resp. (D2)) induces a canonical morphism:
We will need the following lemma concerning these maps: LEMMA 3.2.8. Consider for any function field E/k the isomorphism (3.2.5.a) of graded abelian groups:
Then, the following properties hold:
(1) E is an isomorphism of graded algebras.
(2) For any morphism ϕ : E → L of function fields, the following square is commutative:
where the left (resp. right) vertical map corresponds to the restriction map in Milnor K-theory (resp. data (D1)). (3) For any finite morphism ϕ : E → L of function fields, the following square is commutative:
where the left (resp. right) vertical map corresponds to the corestriction map in Milnor K-theory (resp. data (D2)).
Proof. Assertions (1) and (2) follow immediately from [17, Th. 3.4] . The verification of (3) is not easy due to the abstract nature of the Gysin morphism used to define (D2). However, arguing as in [17, Lm. 3.4.1, 3.4.4] , it suffices to prove the following lemma:
be the degree (resp. inseparable degree) of E/K. Then for any elements x ∈π 0 (H) n (E) and y ∈π 0 (H) n (K), the following formulas hold:
, with the notations of (R1c).
In fact, point (7) implies point (3) for the graded part of degree 1 because according to point (2), ψ * : Let us now prove the preceding lemma. Points (4) (resp. (6)) follow from the definition of (D2) and property (G3b) (resp. (G2d)). Point (7) is then an easy consequence of (6) using elementary Galois theory. The difficult part is point (5).
According to point (4), it suffices to prove that ϕ * (1) = [E : K]. Because of property (G2a) of the Gysin morphism, we reduce to the case where E/K is generated by a single element. In other words, E = K[t]/(P ) where P is a polynomial with coefficients in K. Thus we can find a smooth model X (resp. Y ) of K/k (resp. E/k) and a finite surjective morphism f : Y → X whose generic residual extension is E/K and which factors as:
where p is the canonical projection and i is a closed immersion of codimension 1. Thus point (5) now follows from the definition of (D2) and the trace formula (2.3.10.a).
Relations:
The relations follow from the preparatory work done in Section 2.3, according to the following table:
This concludes the proof of 3.2.2.
The associated cycle module.
3.3.1. Using the obvious extension of the functor (2.3.1.b) to pro-objects, the homotopy coniveau exact couple induces a pro-triangulated exact couple in pro−(H-mod) whose graded terms are:
Given a smooth closed subscheme Z ⊂ X of pure codimension p, if we apply [4, Prop. 4.3] to the closed pair (X, Z) according to Paragraph 2.3.1, we get a canonical isomorphism:
Using this isomorphism, we can easily obtain the analog of [7, 3.11] in the setting of H-modules:
. Consider the above notations. Let p ∈ Z be an integer and denote by X (p) the set of codimension p points of X. Then there exists a canonical isomorphism:
H(Gr p (X)) p − − → " ∏ " x∈X (p)
H(κ(x))(p)[2p].
In particular, for any point x ∈ X (p) we get a canonical projection map:
For the proof, we refer the reader to the proof of [7, 3.11] -the same proof works in our case if we use the purity isomorphism (3.3.1.b).
3.3.3. Let X be a scheme essentially of finite type over k and consider a couple
Assume that y is a specialization of x. Let Z be the reduced closure of x in X andZ f − → Z be its normalization. Each point t ∈ f −1 (y) corresponds to a discrete valuation v t on κ x with residue field κ t . We denote by ϕ t : κ y → κ t the morphism induced by f . Then, we define the following morphism of pro-H-modules:
using the notations of Section 3.2.5. If y is not a specialization of x, we put: ∂ x y = 0. 
where the vertical maps are defined in ( The proof is the same as the one of [7, 3.13] 3.3.5. Consider an orientable homotopy module F * , a smooth scheme X and an integer n ∈ Z. Put F = H(F * ) (using the functor H of (1.2.3.a)).
The coniveau spectral sequence (2.4.4.a) associated with F(n)[n] has the following shape:
where we have used the isomorphism (1.2.4.a) to identify the abutment.
Consider also the commutative diagram (3.1.2.b) and the obvious extension of ϕ 0 F (resp.φ F ) to pro-objects:
Then the previous spectral sequence is defined by the exact couple
Thus, Proposition 3.3.2 gives a canonical isomorphism:
whereF * is the cycle premodule associated with F * . Consider moreover, a cou- 
where the vertical maps are the canonical injections. In particular:
COROLLARY 3.3.6. Consider the previous notations.
(1) The cycle premoduleF * satisfies properties (FD X ) and (C X ).
(2) There is a canonical isomorphism of complexes: 
Note that point (4) follows from point (1) above and Lemma 2.1.6. This corollary establishes the first assertion of Theorem 1.3.6.
The remaining isomorphism.
It remains to construct the natural isomorphism which appears in the statement of Theorem 1.3.6. Point (3) of the preceding corollary in the case p = 0 gives an isomorphism of Z-graded abelian groups:
According to the definition of the functor A 0 of (1.3.5.a), the target of X is the group of sections over X of the homotopy module (γ * • A 0 •ρ)(F * ). We prove that X is natural in X. Explicitly, for any morphism f : Y → X of smooth schemes, we have to prove the following diagram commutes:
where the vertical map on the right hand side refers to the functoriality defined by Rost.
To prove this, we can assume by additivity that X is connected, with function field E. According to our definition,
where the colimit runs over the non empty open subschemes of X. In particular, the colimit of the morphism j * U induces a canonical map ρ X : F * (X) →F * (E). By definition of the coniveau spectral sequence, the isomorphism X is induced by the exact sequence:
where d 0 X is the differential (2.1.4.a) associated with the cycle moduleF * .
(1) The case of a flat morphism: Consider a flat morphism f : Y → X of connected smooth schemes and let ϕ : E → L be the induced morphism on function fields. According to the definition of (D1) in Section 3.2.5, the following square is commutative:
Thus, the commutativity of (3.4.0.a) in this case follows from the definition of flat pullbacks on A 0 (see [15, 12.2, 3.4] ).
(2) The general case: The morphism f can be written as the composite
where γ is the graph of f and p is the canonical projection. (As X/k is separated according to our conventions, γ is a closed immersion.) To prove the commutativity of (3.4.0.a) in the case of f , we are reduced to the cases of p and γ. The case of the smooth morphism p follows from point (1). Thus we are reduced to the case where f = i : Z → X is a closed immersion between smooth schemes. Consider an open subscheme U ⊂ X such that the induced open immersion j Z : Z ∩ U → Z is dense. Recall that the map j * Z : A 0 (Z;F * ) → A 0 (Z ∩ U ;F * ) is injective-this follows for example from the localization long exact sequence for Chow groups with coefficients (cf. [15, 3.10] ). Thus, according to case (1) when f = j and f = j Z , we are reduced to prove the commutativity of (3.4.0.a) when f is the closed immersion Z ∩ U → U .
In particular, we can assume that i is the composition of immersions of a smooth principal divisor. Then we are restricted to the case where Z is a smooth principal divisor.
Because Z is principal, it is parametrized by a regular function π : X → A 1 . One can assume Z is connected. Then, its generic point defines a codimension 1 point of X which corresponds to a discrete valuation v on the function field E of X. We denote by κ(v) the residue field of v. According to the computation of i * : A 0 (X;F * ) → A 0 (Z;F * ) of [15, (12.4) ], the commutativity of (3.4.0.a) in the case f = i is equivalent to the commutativity of the following diagram:
But this follows from point (2) of Proposition 2.3.12 and the definition of data (D3) and (D4) for the cycle moduleF * (Section 3.2.5).
According to the construction of the structural isomorphism
given in [6, 2.8] , it is now clear that : F * → A 0 (−;F * ) is a morphism of homotopy modules. As it is an isomorphism by construction, this concludes the proof of the main theorem 1.3.6.
Some further comments.
4.1. Monoidal structure. The following proposition and its corollary, which we will apply in the context of homotopy modules, are probably well known in category theory. We include a proof for completeness: 
which is functorial in M and N .
(2) For any objects M , N of M , there exists a canonical isomorphism:
Proof. Let us consider the unit and counit of the adjunction (ϕ * ,ϕ * ):
For the first point, define M ,N as the composite:
where (1) is equal to α ϕ * (M )⊗N , (2) is the isomorphism of assumption (a) and (3) is induced by α M . We have to check M ,N is an isomorphism. According to assumption (c), ϕ * (M ) ⊗ N belongs to I. Thus, assumption (b) tells us it is enough to prove that ϕ * ( M ,N ) is an isomorphism. This last assertion follows from assertion (b) and the straightforward commutativity of the following diagram:
Then, the second point follows: we define φ M ,N as the composite:
where the map (4) is induced by the isomorphism α N .
4.1.2. Consider again the hypothesis and notations of the above proposition, together with the notation of (4.1.1.a). We put A = ϕ * (e ). One checks easily that A admits a monoid structure in M whose multiplication and unit maps are given by: 
Moreover, the following diagram is commutative:
(4) Let M be an object of M . Then the following conditions are equivalent: 
Proof. For point (3), we define 0 as the composite map:
The commutativity of the diagram is then straightforward. Consider point (4) Then for any smooth scheme X and any integer n ∈ Z, the Postnikov tower of E(n) gives the following spectral sequence: E p,q 2,t (X, E) = H q Nis X, π n−p (E) n =⇒ E p+q,n (X) (4.4.1.a) which we simply call the cohomology spectral sequence.
Note that, when E is weakly orientable, Corollary 3.3.6 gives a canonical isomorphism between the E 2 -term of the coniveau spectral sequence (4.3.2.a) and the E 2 -term of the cohomology spectral sequence.
Remark 4.4.2. Using the same argument as in the proof of [6, Th. 6 .4] and a construction of Gillet and Soulé, one can show that this isomorphism is compatible with the differential on each E 2 -term and that they induces an isomorphism of spectral sequences. (More precisely, one has to replace the use of the shifted filtration of Deligne on complexes used in [6] by its generalization for spectra given in [8] .) However, in the sequel, we will only need to be able to compute the E 2 -term using the isomorphism of Corollary 3.3.6. 4.4.3. The advantage of the spectral sequence (4.4.1.a) compared to the coniveau spectral sequence is that it is obviously functorial in X (contravariantly).
Assume that E has the structure of a weak MGL-module. Consider smooth schemes X, Y and a projective morphism f : Y → X equidimensional of dimension n. Then according to the construction of [4, Def. 5.12], we get a canonical morphism of MGL-modules: Using the cohomology spectral sequence, we get the following proposition which gives mild conditions on a spectrum E for the existence of cycle classes in E-cohomology satisfying the usual properties: (1) The spectrum E admits an orientation whose associated formal group law is additive.
(2) For any smooth scheme X and any integer n ≥ 0, there exists a canonical morphism of abelian groups:
which is natural with respect to pullbacks, projective pushforwards and compatible with products.
Proof. According to assumption (a) and Corollary 4.1.7, the unit map S 0 → E induces a canonical map
which is a morphism of monoids in Π η=0 * (k). In particular, according to Corollary 3.3.6, we get for any smooth scheme X and any integer n ≥ 0 a canonical morphism:
Nis X, π 0 (E) n (4.4.5.a) compatible with pullbacks, pushforwards and products.
Applying again Corollary 3.3.6, assertion (b) implies that the term E p,q 2,t (X, E(n)) of the cohomology spectral sequence is zero if p > min(q, n). Thus, we get a canonical composite map: E n,n 2,t X, E(n)
(1) −−→ E n,n ∞,t X, E(n) (2) −−→ E 2n,n (X) (4. 4.5.b) where the map (1) is obtain as the sequence of epimorphism deduced from the spectral sequence (4.4.1.a) and the map (2) is the edge morphism (which is a monomorphism). This composite map is compatible with products and pushforwards according to Section 4.4.3. The fact it is compatible with products follows from the construction of products on the spectral sequence of the type (4.4.1.a) (see [11] ).
The composition of (4.4.5.a) and (4.4.5.b) gives the map of the point (2). In the case n = 1, we get an orientation of E whose associated formal group law is additive because σ X is a morphism of groups. 
